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Abstract 



CN 1 The aim of this paper is to establish some new results on the absolute continuity 

and the convergence in total variation for a sequence of d-dimensional vectors whose 
components belong to a finite sum of Wiener chaoses. First we show that the prob- 
Qh 1 ability that the determinant of the Malliavin matrix of such vectors vanishes is zero 

or one, and this probability equals to one is equivalent to say that the vector takes 
values in the set of zeros of a polynomial. We provide a bound for the degree of this 
annihilating polynomial improving a result by Kusuoka |8]. On the other hand, we 
show that the convergence in law implies the convergence in total variation, extending 
to the multivariate case a recent result by Nourdin and Poly This follows from 
| an inequality relating the total variation distance with the Fortet-Mourier distance. 

Finally, applications to some particular cases are discussed and several open questions 
are listed. 
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: 1 Introduction 



The purpose of this paper is to establish some new results on the absolute continuity and the 
convergence of the densities in some L p (M. d ) for a sequence of d-dimensional random vectors 
whose components belong to finite sum of Wiener chaos. These result generalize previous 
works by Kusuoka [S] and by Nourdin and Poly (TTJ , and are based on a combination of 
the techniques of Malliavin calculus, the Carbery- Wright inequality and some recent work 
on algebraic dependence for a family of polynomials. 



*Institut Elie Cartan, Universite de Lorraine, BP 70239, 54506 Vandoeuvre-les-Nancy, France, 
inourdin@gmail.com: IN is partially supported by the ANR grants ANR-09-BLAN-0114 and ANR-10- 
BLAN-0121. 

^Department of Mathematics, University of Kansas, Lawrence, Kansas, 66045 USA, 
nualart@math.ku.edu; DN is supported by the NSF grant DMS-1208625. 

■^Laboratoire d'Analyse et de Mathematiques Appliquees, UMR 8050, Universite Paris-Est 
Marne- la-Vallee, 5 Bid Descartes, Champs-sur-Marne, 77454 Marne-la-Vallee Cedex 2, France, 
guillaume . polyOcrans . org. 



1 



Let us describe our main results. Given two d-dimensional random vectors F and G, 
we denote by cItv(F, G) the total variation distance between the laws of F and G, defined 
by 

d TV (F,G)= sup \P(F e A) - P(G E A)\ } 

AeB(R d ) 

where the supremum is taken over all Borel sets A of M. d . On the other hand, we denote 
by cIfm(F,G) the Fortet-Mourier distance, given by 

d FM (F, G) = sup \E[<f>(F)] - E[<f>(G)]\, 

<t> 

where the supremum is taken over all 1-Lipschitz functions <p : M. d — > R which are bounded 
by 1. It is well-known that dpu metrizes the convergence in distribution. 

Consider a sequence of random vectors F n = (Fi )Tl , . . . , Fd, n ) whose components belong 
to @ q k=0 T-iki where Hk stands for the kth Wiener chaos, and assume that F n converges in 
distribution towards a random variable F^. Denote by T(F n ) the Malliavin matrix of F n , 
and assume that £"[det r(F n )] is bounded away from zero. Then we prove that there exist 
constants c, 7 > (depending on d and q) such that, for any n ^ 1, 

d TV (Fn, ^oc) ^ cd FM (F n , F^y. (1.1) 

So, our result implies that the sequence F n converges not only in law but also in total 
variation. In jTT] this result has been proved for d — 1. In this case 7 = 2^jTf; an d one only 
needs that F^ is not identically zero, which turns out to be equivalent to the fact that 
the law of is absolutely continuous. This equivalence is not true for d ^ 2. The proof 
of this result is based on the Carbery- Wright inequality for the law of a polynomial on 
Gaussian random variables and the also on the integration-by-parts formula of Malliavin 
calculus. In the multidimensional case we make use of the integration-by-parts formula 
based on the Poisson kernel developed by Bally and Caramelino in [TJ. 

The convergence in total variation is equivalent to the convergence of the densities in 
L 1 (IR d ). We improve this results proving that under the above assumptions on the sequence 
F n , the densities converge in L p (M. d ) for some explicit p > 1 depending solely on d and q. 

Motivated by the above inequality, in the first part of the paper we discuss the absolute 
continuity of the law of a (/-dimensional random vector F = (F\, . . . , Fd) whose components 
belong to a finite sum of Wiener chaoses @ q k= ohLk- Our main result says that the three 
following conditions are equivalent: 

1. The law of F is not absolutely continuous with respect to the Lebesgue measure on 
R d . 

2. There exists a nonzero polynomial H in d variables of degree at most dq d ~ x such that 
H(F) = 0. 

3. E[detT(F)} = 0. 
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Notice that the criterion of the Malliavin calculus for the absolute continuity of the law of 
a random vector F says that det T(F) > almost surely implies the absolute continuity 
of the law of F. We prove the stronger result that P(detr(F) = 0) is zero of one; as a 
consequence, P(detT(F) > 0) = 1 turns out to be equivalent to the absolute continuity. 
The equivalence with condition 2 improves a classical result by Kusuoka (0), in the sense 
that we provide a simple proof of the existence of the annihilating polynomial based on a 
recent result by Kayal [7] and we give an upper bound for the degree of this polynomial. 
Also, it is worthwhile noting that, compared to condition 2, condition 3 is often easier to 
check in practical situations, see also the end of Section |3j 

The paper is organized as follows. Section 2 contains some preliminary material on 
Malliavin calculus, the Carbery- Wright inequality and the results on algebraic dependence 
that will be used in the paper. In Section 3 we provide equivalent conditions for absolute 
continuity in the case of a random vector in a sum of Wiener chaoses. Section 4 is devoted 
to establish the inequality and also the convergence in L p (M. d ) for some p. Section 

5 contains applications of these results in some particular cases. Finally, we list two open 
questions in Section 6. 

2 Preliminaries 

This section contains some basic elements on Gaussian analysis that will be used through- 
out this paper. We refer the reader to the books [TUj [T3] for further details. 

2.1 Multiple stochastic integrals 

Let $) be a real separable Hilbert space. We denote by X = {X(h), h G Sj} an isonormal 
Gaussian process over Sj. That means, X is a centered Gaussian family of random variables 
defined in some probability space F, P), with covariance given by 



for any h,g G Sj. We also assume that F is generated by X. 

For every k > 1, we denote by Hk the kth Wiener chaos of X defined as the closed 
linear subspace of L 2 (Q) generated by the family of random variables {Hk(X(h)),h G 
9), \\h\\sj = 1}, where Hk is the fcth Hermite polynomial given by 



We write by convention %q = R. For any k ^ 1, we denote by Sy® k the kth tensor product 
of fj. Then, the mapping Ik{h® k ) = Hk(X(h)) can be extended to a linear isometry 
between the symmetric tensor product i^ 0fc (equipped with the modified norm \/k\\\ ■ H^®*) 
and the kth Wiener chaos T-Lk- For k = we write Iq(x) = c, c G M. In the particular 
case fj = L 2 (A, A, fi), where /i is a a-finite measure without atoms, then fj 0fc coincides 



E[X(h)X(g)} = (h,g) f} , 
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with the space L 2 (fi k ) of symmetric functions which are square integrable with respect to 
the product measure fi k , and for any / G S) &k the random variable is the multiple 

stochastic integral of / with respect to the centered Gaussian measure generated by X. 

Any random variable F G L 2 (Q) admits an orthogonal decomposition of the form 
F = YlkLoIkifk)' wri ere f = E[F], and the kernels f\ G Sj ek are uniquely determined by 
F. 

Let {ei,i ^ 1} be a complete orthonormal system in S). Given / G S) Qk and g G i^ 0J , 
for every r = 0, . . . , k Aj, the contraction of / and g of order r is the element of i^®( fc +i _2r ) 
defined by 

oo 

ii,...,i r =l 

The contraction / ® r g is not necessarily symmetric, and we denote by f® r g its sym- 
metrization. 



2.2 Malliavin calculus 

Let S be the set of all cylindrical random variables of the form 
F = g(X(h 1 ),...,X{h n )), 

where n ^ 1, /ij G $j, and g is infinitely differentiable such that all its partial derivatives 
have polynomial growth. The Malliavin derivative of F is the element of L 2 (f2;fj) defined 

by 

n f> 

DF = Y^^-{X{h 1 ),...,X{K))K 

i=l 1 

By iteration, for every m ^ 2, we define the mth derivative D m F which is an element of 
L 2 (Q; S) Qm ) . For m ^ 1 and p ^ 1, D m,p denote the closure of S with respect to the norm 
II ' \\m,p defined by 

m 

ii^n p m , P = ^[|^H + E E 0i^W- 

We also set D°° = n m>i n p>1 © m ' p . 

As a consequence of the hypercontractivity property of the Ornstein-Uhlenbeck semi- 
group, all the || ■ || mjP -norms are equivalent in a finite Wiener chaos. This is a basic result 
that will be used along the paper. 

We denote by 5 the adjoint of the operator D, also called the divergence operator. 
An element u G L 2 (Q;Sj) belongs to the domain of 5, denoted Dom<5, if \E(DF,u)^\ ^ 
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c w ||.F||£,2(fi) for any F G D 1 ' 2 , where c u is a constant depending only on u. Then, the random 
variable S(u) is defined by the duality relationship 

E[F5(u)\ — E{DF,u)sj. (2.2) 

Given a random vector F = . . . , F4) such that Fi G D 1 ' 2 , we denote T(F) the Malliavin 
matrix of F, which is a random nonnegative definite matrix defined by 

T id (F) = (DFi, DFj)sj. 

If F G B 2,2 and det T(F) > almost surely, then the law of F is absolutely continuous 
with respect to the Lebesgue measure on M. d (see, for instance, [T3| Theorem 2.1.1]). This 
is our basic criterion for absolute continuity in this paper. 

2.3 Carbery- Wright inequality 

Along the paper we will make use of the following inequality due to Carbery and Wright 
[3]: there is a universal constant c > such that, for any polynomial Q : M. n — > M. of degree 
at most d and any a > we have 

E[Q(X 1 ,...,X n ) 2 }^P(\Q(X 1 ,...,X n )\^a)^cda 1 d , (2.3) 

where X\, . . . , X n are independent random variables with law iV(0, 1). 

2.4 Algebraic dependence 

Let F be a field and f = . . . , /&) G F[xi, . . . , x n ] be a set of k polynomials of degree at 
most d in n variables in the field F. These polynomials are said to be algebraically depen- 
dent if there exists a nonzero /c-variate polynomial A(ti, . . . , £&) G F[ti, . . . such that 
. . . , fk) = 0. The polynomial A is then called an (/1, . . . , fk)- annihilating polynomial. 
Denote by 

dfA 

the Jacobian matrix of the set of polynomials in f. A classical result (see, e.g., Ehrenborg 
and Rota |6] for a proof) says that fi, . . . , fk are algebraically independent if and only if 
the Jacobian matrix Jf has rank k. 

Suppose that the polynomials f = . . . , fk) are algebraically dependent. Then the 
set of f-annihilating polynomials forms an ideal in the polynomial ring ¥[t\, . . . ,tk\- In a 
recent work Kayal (see 0) has established some properties of this ideal. In particular (see 
0, Lemma 7) he has proved that if no proper subset of f is algebraically dependent, then 
the ideal of f-annihilating polynomials is generated by a single irreducible polynomial. On 
the other hand (see [7], Theorem 11) the degree of this generator is at most kq k ~ 1 . 
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3 Absolute continuity of the law of a system of multiple 
stochastic integrals 



The purpose of this section is to extend a result by Kusuoka [8] on the characterization of 
the absolute continuity of a vector whose components are finite sums of multiple stochastic 
integrals, using techniques of Malliavin calculus. 



Theorem 3.1 Fix q,d ^ 1, and let F = 

0Lo^ f° r anv « = 1, • • - Let r := 
following assertions are equivalent: 



(Fi, . . . , Fd) be a random vector such that Fi G 
T(F) be the Malliavin matrix of F. Then the 



(a) The law of F is not absolutely continuous with respect to the Lebesgue measure on 
R d . 

(b) There exists H G . . . , Xj\ \ {0} of degree at most D = dq d ~ l such that, almost 
surely, 

H(F u ...,F d )=0. 

(c) £[detr] = 0. 

Proof of (a)=>(c). Let us prove -i(c) =>• ~<(a). Set N = 2d(q — 1) and let {e^, k ^ 1} be an 
orthonormal basis of $). Since det T G ^^=o there exists a sequence {Q n , ^ 1} of real- 
valued polynomials of degree at most N such that the random variables Q n (h{ei), ■ ■ ■ , A(e n )) 
converge in L 2 (Q) and almost surely to detT as n tends to infinity (see [TTj Theorem 3.1, 
first step of the proof] for an explicit construction). Assume now that i£[det T] > 0. Then 
for n ^ no, E[\Q n (Ii(ei), . . . , Ji(e n ))|] > 0. We deduce from the Carbery-Wright's inequal- 
ity (12. 3p the existence of a universal constant c > such that, for any n ^ 1, 

P(|Qn(/i(ei), • • • , h{e n )\ < A) < cN\ x ' N {E[Q n {h{ex), /i(e re ) 2 ])- 1 / 2JV 
Using the property 

P[Q n (/i(ei), • • • , Ji(e n ) 2 ] ^ (E[|g B (/ 1 (ei), . . . , /i(e n )|]) 2 
we obtain 

P{\Q n {h{ei), • • • , h{e n )\ < A) < ciVA 1 ^^/^), . . . , /i(e„))|])- 1/JV , 

and letting n tend to infinity we get 

P(det r < A) < cNX l/N (E[det r])" 1/7V . (3.4) 

Letting A — > 0, we get that P(det T = 0) = 0. As an immediate consequence of absolute 
continuity criterion, (see, for instance, [TBI Theorem 2.1.1]) we get the absolute continuity 
of the law of F, and assertion (a) does not hold. 
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It is worthwhile noting that, in passing, we have proved that P(det T = 0) is zero or one. 



Proof of (b)=>(a). Assume the existence of H G R[Xi, ■ • • ,Xd] \ {0} such that, almost 
surely, H(F\, . . . ,Fd) = 0. Since H ^ 0, the zeros of H constitute a closed subset of ~R d 
with Lebesgue measure 0. As a result, the vector F cannot have a density with respect to 
the Lebesgue measure. 

Proof of (c)^(b). Let {e^, k ^ 1} be an orthonormal basis of $j, and set Gk = hi^k) for 
any k ^ 1. In order to illustrate the method of proof, we are going to deal first with the 
finite dimensional case, that is, when Fi = Pi(G\, . . . , G n ), i = 1, . . . , d, and for each i, 
Pi G R[Xl, . . . , X n ] is a polynomial of degree at most q. In that case, 

n ^ Qp, dPk 
(DFi, DF k )f, = ^2 q-^{Gi, ■ ■ ■ , G n )-^-(Gi, ' " ' ' ^ n )' 
j'=i Xj Xj 

and the Malliavin matrix r of F can be written as V = AA T , where 
A=(^(G 1 ,...,G n )) 

As a consequence, taking into account that the support of the law of (G±, . . . , G n ) is W 1 , 

if det T = almost surely, then the Jacobian ( Ip^yi, . . . , y n ) ) has rank strictly less 

than d for all . . . , y n ) G M n . Statement (b) is then a consequence of Theorem 2 and 
Theorem 11 in [7J. 

Consider now the general case. Any symmetric element / G Sj® p can be written as 

oo 

/= a ki,-,k P e kl ® ■ ..®e fcp . 

Setting = : fcj = fc}, the multiple stochastic integral of e^fg). . .®Ck p can be written 
in terms of Hermite polynomials as 

oo 

/ P (e fcl <g> . . . ® e fcp ) = Y[H Pk (G k ), 

k=l 

where the above product is finite. Thus, 

oo oo 

ip(f) = ^-^n^^)' 

where the series converges in L 2 . This implies that we can write 

I p (f)=P(G 1 ,G 2 ,...) (3.5) 
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where P : R — > R is a function defined z/® -almost everywhere, with z/ the standard 
normal distribution. In other words, we can consider I p (f) as a random variable defined 
in the probability space (1R N , On the other hand, for any n ^ 1 and for almost all 

y n+ i, y„ +2 , ... in M, the function (y l , . . . ,y n ) ^ P(y u y 2 , . . .) is a polynomial of degree at 
most p. By linearity, from the representation (13. 5ft we deduce the existence of mappings 
Pi, . . . , Pd : M N — > R, defined ^ <glN almost everywhere, such that for all i = 1, . . . , d, 

F i ^P i (G 1 ,G 2 ,...), (3.6) 

and such that for all n ^ 1 and almost all y n+ i, y n +2, ... in M, the mapping (yi, . . . , y n ) i— > 
Pi{yi, 1/2, • • •) is a polynomial of degree at most q. With this notation, the Malliavin matrix 
T can be expressed as T = AA T , where 

Consider the truncated Malliavin matrix T n = A n A^, where 

A n =(^(G 1 ,G 2 ,...)) 

From the Cauchy-Binet formula 

det T n = det(AnAl) = ( det Aj ^> 

J={ji,...,jd}C{l,...,n} 

where for J = . . . , j d }, 

A J =(^(G 1 ,G 2 ,...)) 

we deduce that det T n is increasing and it converges to det T. Therefore, if det T = almost 
surely, then for each n ^ 1, detT n = almost surely. 

Suppose that i?[detr] = 0, which implies that det T = almost surely. Then, for all 
n ^ 1, det T n = almost surely. We can assume that for any subset {F^, . . . , Fi r } of the 
random variables {F\, . . . , Fd} we have 

E[detT(F il ,...,F ir )]^0, 

because otherwise we will work with a proper subset of this family. This implies that for 
n ^ n , and for any subset {F i± , . . . , F ir }, 

E[detF n (F h ,...,F ir )]^0, 

where T n denotes the truncated Malliavin matrix defined above. Then, applying the 
Carbery- Wright inequality we can show that the probability P(det T^F^, . . . , Fi r ) = 0) is 
zero of one, so we deduce det r n (F il , . . . , F ir ) > almost surely. 



8 



Fix n ^ n . We are going to apply the results by Kayal (see [7]) to the family of random 
polynomials 

Pi (yi, ■■■,y n ) = Pi(yi, ■ ■ ■ , y n , G n+1 , G n+2 , . . .), i < i < d. 

We can consider these polynomials as elements of the ring of polynomials K[yi, . . . ,y n ], 
where IK is the field generated by all multiple stochastic integrals. This field is well defined 
because by a result of Shigekawa [H] if F and G are finite sums of multiple stochastic 
integrals and G ^ 0, then G is different from zero almost surely and ^ is well defined. The 
Jacobian of this set of polynomials 

/ dP (n) \ 
J[yi,---,yn) = I —^—(yi, ■ ■■,y n ) I 

satisfies J(Gi, . . . ,G n ) = A n almost surely, and, therefore, it has determinant zero al- 
most surely. Furthermore, for any proper subfamily of polynomials {P^ , . . . , P i }, the 
corresponding Jacobian has nonzero determinant. As a consequence of the results by 
Kayal, there exists a nonzero irreducible polynomial H n £ F[a?i, . . . ,Xd] of degree at most 
D := dq 1 , which satisfies the following properties: 

(i) The coefficients of H n are random variables measurable with respect to the a-field 
c {G n +i, G n+ 2, ■ ■ .}• 

(ii) The coefficient of the largest monomial in antilexicographic order occurring in H n is 
1. 

(Hi) For all y 1: . . . , y n £ R, 

H n (Pi n) (yi, ■ . .,?/„), • • • ,Pj n) (z/i, • • • ,2/n)) = 

almost surely. 
(iv) If A £ F[xi, . . . , Xd] satisfies 

A(Pi n \ yi ,...,y n ),...,P^( yi ,...,y n )) = 
almost surely, then A is a multiple of H n , almost surely. 
If we apply property (Hi) to n + 1 and substitute y n+1 by G n+ i we obtain 

i?n+i(-Pi (2/1, • • • , y n , G n+1 ), . . . , P { d n+1) (yi, ...,y n , G n+ i)) = 0. 
From property (iv) and taking into account that for any 1 ^ i ^ d, 

Pt +1) (yu...,y n ,G n+1 )=Pt\yu...,y n ) 
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almost surely, we deduce that H n+ i is a multiple of H n almost surely. Using the fact 
that H n+ i is irreducible and normalized we deduce that H n = H n+ \ almost surely for 
any n n^. These coefficients of these polynomials are random variables, but, in view 
of condition (i), and using the — 1 Kolmogorov law we obtain that the coefficients are 
deterministic. Thus, there exists a polynomial H G . . . , Xj\ \ {0} of degree at most 

D = dq d ~ l such that H(Fi, . . . , Fj) = almost surely. ■ 

The condition i?[detr] > can be translated into a condition on the kernels of the 
multiple integrals appearing in the expansion of each component of the random vector F . 
Consider the following simple particular cases. 

Example 1. Let (F,G) = (-Tl(/), I q (g)), with q ^ 1. Let T be the Malliavin matrix of 
(F, G). Let us compute i?[det T]. Applying the duality relationship (12. 2p and the fact that 
5(DG) = —LG = qG, where L is the Ornstein-Uhlenbeck operator, we deduce 

E[\\DG\\%] = E[G5(DG)] = qE[G 2 } = qq\\\g\\l m , 

so that 

£[detr] = \\f\\lE[\\DG\\l\-E[(f,DG)l] = \\f\\lE[\\DG\\l\ - q'E^f ® x gf] 

= w\{\\f\\l\\g\\%m - ||/®i^HJ®( B -d). 

We deduce that ^[detT] > if and only if ||/ ®i g\\^<»(q-i) < \\f\\^\\g\\^- Notice that 
when q = 1 the above formula for i?[detr] reduces to i?[detr] = detC, where C is the 
covariance matrix of (F,G). 



Example 2. Let (F, G) = (l 2 (f),I q {g)), with q ^ 2. Let T be the Malliavin matrix of 
(F,G). Let us compute i?[detr]. We have 

2 g / \ 2 



r=l \ ' r=l \ ' 



so that 



(DF, DG)sj = 2q(l q {f® x g) + {q-l)I q _ 2 {f® 2 g)) 
\\DF\\% = 4||/||J 8a + 47 2 (/® 1 /) 

h q ~2r{g ® r g)- 



\DG\\l = qql\\g\\l m + (q - l)qq\h{g ® q -i g) + J2 rrl [ ) 1 

r=3 ^ ' 



We deduce 



E[detT] = E[\\DF\\l\\DG\\l]-E[(DF,DG)l} 

= ^QQ ] -\\f\\lm\\g\\lm + 8(q-l)qq\(f<»i f,g® q -ig)sjm - Aq 2 q\\\f ®ig\\% m 

-4g(g-l)g!||/®2^||J 8 (,- 2) 
= Aqq\\\f\\l m \\g\\% m + %{q- l)qq\\\f ®i g\\ 2 m , ~ ±q 2 q ] -\\f ®ig\\%m 

-45(g-l)g!||/® 2 y||J 9( ,_ 3) . (3.7) 
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Therefore, Eyelet T] > if and only if the right hand side of (13. 7p is strictly positive. 

Consider the particular case q = 2, that is, F = (12(f), 12(g)) arid let C be the covari- 
ance matrix of F. By specializing (13. 7p to q = 2, we get that 

JB7[cle* T] = 16(||^||S««||^|lS«»» — <-^» ^>S«») -f-Sadl^^i^MS-aa — ^i^MS««) ^4detC. (3.8) 

We deduce an interesting result, that generalizes a well-known criterion for Gaussian 
pairs. 

Proposition 3.2 Let F = (12(f), 12(g)) an d let C be the covariance matrix of F. Then, 
the law of F has a density if and only if detC > 0. 

Proof. If detC > then -EfdetT] > by (13.81) ; we deduce from Theorem 13. II that the law 
of F has a density. Conversely, if detC = then 12(f) and h(g) are proportional; this 
prevents F to have a density. ■ 



4 Convergence in law and total variation distance 

In this section we first prove an inequality between the total variation distance and the 
Fortet-Mourier distance for vectors in a finite sum of Wiener chaoses. 

Theorem 4.1 Fix q, d ^ 2, and let F n = (Fi tU , . . . ,F^ n ) be a sequence such that F itn G 
©fc =0 ^fc for any i = 1, . . . ,d and n ^ 1. Let T n := T(F n ) be the Malliavin matrix of F n . 
Assume that F n ^ F^ as n — > 00 and that there exists (3 > such that E[detF n ] ^ f3 for 
all n. Then F^ has a density and, for any 7 < ( 2 d+2)(4d(g-i)+3)+i > there exists c > such 
that 

d TV (F n , Foo) ^ c d FM (F n , F^y. (4.9) 
In particular, F n — > F^ in total variation as n — > 00. 

Proof. The proof is divided into several steps. 

Step 1. From the hypercontractivity property of the Ornstein-Uhlenbeck semigroup 
it follows that for any i = 1, . . . ,d, the sequence (F i>n ) satisfies sup n E\Fi^ n \ p < 00 for all 
p > 1. Let : R d — > E G C°° be such that ||0||oo ^ 1. We can write, for any n, m,p, M ^ 1, 

\E[<f>(F n )}-E[<t>(F m )]\ ^ |£[(01[ ~M/2,M/2] d )(F n )\ — E [(4>l[~M/2,M/2] d )(Frr 

+2 supP(max \F in \ ^ M/2) 

^ sup \E[^(F n )]-E[^(F m )\\ 

supp»/)C[-M,M] d 

2 1+p 

max |F,;J P 

l<i<d 



MP n /! 
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Therefore, since sup n>1 E [maxx-g^ |-fi,n| p ] is finite, there exists a constant c > (depend- 
ing on p) satisfying, for all n ^ 1, 



dTviF^F^) ^ sup |£[0(F n ,)] - ^[0(^)11 + — . 

0eC°°: ||^||oo<l M 

supp0C[-M,M] d 



(4.10) 



As in [llj . now the idea to bound the first term in the right-hand side of f )4.10p is to 
regularize the function by means of an approximation of the identity and then to control 
the error term using the integration by parts of Malliavin calculus. Let : M. d — > R £ C°° 
with compact support in [— M, M] d and satisfying ||0||oo ^ 1- Let n,m ^ 1 be integers. 
Let < a ^ 1 and let p : W l — > M + be in and satisfying J ud p(x)dx = 1. Set 
Pa( x ) — ^dPia )■ By [XT] inequality (5.40)], we have that * p a is bounded by 1 and is 
Lipschitz continuous with a constant of the form c/a 2 . We can thus write, 

\E[<j>(F n )]-E[<j>(F m )]\ 
«C \E[(j>*p a (F n ) -(j)*p a (F m )}\ + 2sup|£[(0(F n ) -<t>*p a (F n ))]\ 



^ —zd>FM(Fn, F m ) + 2R a , 



(4.11) 



where dpu is the Forter-Mourier distance and 
R a = sup \E [{<f){F n ) - * p a (F n ))]\. 

In order to estimate the term R a we decompose the expectation into two parts using the 
identity 



det T r 



e > 0. 



det r n + e det T n + e' 
Step 2. We claim that there exists c > such that, for all e > and all n ^ 1, 



E 



det r„ + e 



< C £2( 9 -l)d+l _ 



(4.12) 



Indeed, for any A > and by using (13. 4p together with the assumption E'fdet T n ] ^ (3, 



E 



det r n + e 



^ E 



det T n + e 



-{dctr n >A} 



A 



2(q-l)d 



Choosing A = e*- 1 )^ 1 proves the claim (I4.12p . As a consequence, the estimate ( 14. 12j) 
implies 



Rn 



sup 



E 



(0(F n ) - * p a (F n )) 



det T r 



^ 2c £2(9-i)d+i + sup 



(0-0*p a )(F, 



det r n + s det T n + e 
det T n 



det r n + e 



(4.13) 
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Step 3. In this step we will derive the integration by parts formula that will be useful 
for our purposes. The method is based on the representation of the density of a Wiener 
functional using the Poisson kernel obtained by Malliavin and Thalmaier in [9], and it has 
been further developed by Bally and Caramellino in the works [T| and j2]. 

Let h : M. d — > IR be a function in C°° with compact support, and consider a random 
variable W G D°°. Consider the Poisson kernel in ~R d (d ^ 2), defined as the solution to 
the equation AQ d = 5 . We know that Q-i{x) = c 2 log|x| and that Q d (x) = c d \x\ 2 ~ d for 
d ^ 3. Then, we have the following identity 



d 



h = Y J dih*d i Q d . (4.14) 



i=l 



As a consequence, we can write 



d i- „ 

E[W detT n h(F n )] = J^E WdetT n d i Q i {y)d i h{F n -y)dy 

d „ 

= YW d i Q d {y)E{WdetV n d i h{F n -y))dy. 

We claim that 

d 

E [WdetT n dMK - y)] = J2 E l h ^ ~ y)S(W(ComT n ) i>a DF a!n )] , (4.15) 



a=l 



where 5 is the divergence operator, and Com(-) stands for the usual comatrice operator. 
The equality (I4.15P follows easily from the relation 

d 

dMFn ~y) = Ysi^UiDiKFn - y)), DF a , n )^ 

a=l 

multiplying by I^detr n , taking the mathematical expectation, and applying the duality 
relationship between the derivative and the divergence operator. The random variable 

d 

Ai, n (W) = Y, 6 ( W ( C0mT nhaDF a , n ) 
a=l 

d 

= - {(D(W(GomT n ) a!i ), DF a , n )si + (Comr n ) aji WLF a , n ) 

a=l 

satisfies A itn (W) G D°°, and we can write 



E[WdetT n h(F n )] = f^E A i>n {W) [ h{y)d i Q d {F n - y)dy 



(4.16) 
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Step 4- We are going to apply the identity (I4.16P to the function h 
the random variable W = W ny£ = det p +£ . In this way we obtain 

det r„ 



> * p a and to 



E 



(0 - * p a )(F n 



i=i 



A itn {W n 



det T n + e 
(0 - * pa)(y)diQ d (F n - y)dy 



(4.17) 



We claim that, for any p ^ 1, there exists a constant c > such that 

SUp£[|4,n(W r n , e )H ^C£" 2 . 
n 

Indeed, this follows immediately from the fact that the sequence (i^, n ) is uniformly bounded 
in LP for each i = 1, . . . , d and that we can write 



d 



A, n (w n , 



£ 

o=l 



1 



det r n + e 



((D(ComT n ) a>i ,DF aifl ) fl - (Comr n ) aji LF ain ) 



+ 



(det r n + e) 2 
On the other hand, we have 

(0 - * p a )(y)diQ d (F n - y)dy 



Taking into account that 



diQ d (x) = k d 



x ; 



\x\ 



(ComT n ) atl (D(det T n ),DF a , n ) s 



{4>{y) - <t>{v - z))p a {z)diQ d (F n - y)dydz 
(f>(F n - y)p a (z)(diQ d (y) - diQ d (y - z))dydz. 



(4.18) 



for some constant kj. we can write 



[(f) - * p a ){y)diQ d {F n - y)dy = k d 0(F„ - y)p a {z) - r-? ^ dydz. 

Jm 2d \\y\ \y ~ z \ j 

Fix R > 0. Set Br = {(?/, z) : \y\ ^ R,\y — z\ ^ i?}. We can assume that the support of 
p is the unit ball {\z\ ^ 1}. Then for any (y, z) G (-Br) c with \z\ ^ a, both \y\ and |y — z\ 
are bounded by i? + a, and we obtain 



{BrY 



(f)(F n - y)p a {z) I T~7~j - r 1 — ^7 ) d V dz 



\y\ d \y — z\ d 



p^ z ) (rid + ~r — id ) d y dz 
hB R Y \\y\ \v-A d 



< 2 



y^dy = 2 P±dy x(R + a). 

{\ y \^R+a} \y\ d J{\ y \^i} \y\ d 



14 



On the other hand, 



Br 



(j)(F n - y)p a {z) ( t^j - — ^ ) dydz 



\y\ d \y-z\ d 



(max |F in | + M) d sup 

\y\>R J {z:\y-z\>R} 



Vi Hi - Zi 



p a (z)dz. 



\y\ d \y-z\ d 

There exists a constant c > such that, for \y\ ^ R, \y — z\ ^ R and |z| ^ a, 



Vi Vi ~ Zi 



\y\ d \y-z\ d 

Therefore, 



\y\\\y-z\ d -\y\ l 



\A\v\ l 



\y\ d \y-z\ d \y\ d \y-z\ d 



€ cR~ d a. 



* p a )(y)diQ d (F n - y)dy 



^c[R + a + aR- d (max \F in \ + M) 1 



for some constant c > 0. Substituting this estimate into (14.171) and assuming that M ^ 1, 
yields 



sup 



E 



-(f)* p a ){F n ) 



det T r 



det T n + e 



< ce~ 2 (R + a + aR~ d M d ) , 



for some constant c > 0. Choosing R = a d + 1 M d + 1 and assuming a ^ 1, we obtain 

det r„ 



sup 

n 



E 



((f) -(f)* p a ){F n )- 



C ce a d + 1 M d + 1 



(4.19) 



det r n + e 
for some constant c > 0. 

Step 5. From (HOTf . pH| and fl4~T9]) we obtain 

|£[0(F n )] - F[0(F m )]| < ^dpuiF^F^) + ce^W + ce~ 2 a^M^. 

By letting m — > oo, we get 

\E[(j>(F n )} - E[0(Foo)]| < 4 rf ™( F «' F -) + ceWffi + c£- 2 a^M5i. (4.20) 

or 



Finally, by plugging f)4.20p into (I4.10|) we obtain the following inequality, valid for every 
M > 1, p ^ 1, n ^ 1, £ > and < a ^ I: 

(1 i a^ii M*fi 1 \ 
■^d FM (F n , Foo) + + p + — J , (4.21) 

where the constant c depends on p. Choosing £ = ( a^+r M*? 1 j 9 we get 

F^) s= c f^ M (F n , i^) + (a^ 4(9 ~ 1,d+3 + M"^ . (4.22) 
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Notice that dpM{F n -, F^) ^ 1 for n large enough (n ^ n say). So, assuming that n ^ n 
and choosing 

(d+l)(4(g-l)rf+3) d 

a = d FM (F n , Foo) 2(d+l)(4(,-l)d+3)+l _/Vf 2(d+l)(4(,-l)d+3) + l ; 

we obtain 

drv(F n , Fqq) < c (rf FA/ (^n,i 71 oo)*M^ +M~ P ) , (4.23) 

where £> = (2d + 2)(4(g - l)d + 3) + 1. Notice that a < 1 provided M ^ 1 and rt ^ n . 
Optimizing with respect to M yields 

drviF^F^) ^ cd FM (F n , F^T^sd , 

and taking into account that p can be chosen arbitrarily large, we have proved that for any 
1 < j) there exists c > such that (14. 9p holds true. 

Step 6. Finally, let us prove that the law of F^ is absolutely continuous with respect to 
the Lebesgue measure. Let A C M. d be a Borel set of Lebesgue measure zero. By Lemma 
13.11 and because _E[detr n ] ^ /3 > 0, we have P(F n E A) = 0. Since dTv(F n , F^) — > 
as n — > oo, we deduce that P{F 00 E A) = 0, proving that Foo has a density by the 
Radon-Nikodym theorem. The proof of the theorem is now complete. 

■ 

Under the assumptions of Theorem 14.11 if we denote by p n (resp. p^) the density of 
F n (resp. -F^), then the convergence in total variation is equivalent to 

\Pn{x) ~ Poo(x)\dx -> 0, 

as n tends to infinity. We are going to show that this convergence actually holds in L p (M. d ) 
for any 1 < p < 1 + 2d2{q J 1)+d _ r 

Proposition 4.2 Suppose that F n is a sequence of d- dimensional random vectors satisfying 



the conditions of Theorem ~£71. Denote by p n (resp. p^) the density of F n (resp. F^). 
Then, for any 1 ^ p < 1 + 2 d 2 (g-i)+d-i > we ^ ave 

\Pn{x) - poo{x)\ P dx -> 0. 

Proof. The proof will be done in several steps. We set N = 2d(q — 1) and we fix p such 
that 1< p < 1 + M2(t? _ 1 1)+d „ 1 . 

1) Denote by T n the Malliavin matrix of F n . Using Carbery- Wright's inequality (12.31) . 

we have, for any J < jj, 



/■OO / POO \ 

sup E [(det r n )" 7 ] = sup / 7 t 7 " 1 P(det T n < t'^dt ^ C ( 1 + / f'^dt ) 

n n Jo \ Jl J 



< OO. 
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2) Fix a real number M > 0. For any a < and l + ^<p<l + ^3^, we have 

^( a; ) 1 {|p»WI<M}^ 



Pn 1 { F n)l{\p n (F n )\^M} 



(detr TO )° 
(det T n )« 



< £ [pr i)(JV+1) (^)l { | p4 K)|^M } (detr ri ) (iV+1) 1 w+1 B [(detr r 



JV+l . 

AT 1 



JV+l 



p-1 



p„ a (F n )l { | Pii(Fn )|^ M }detr r 



(4.24) 



where 



C := sup i? (det 



JV+l 



JV+l 



< 00. 



Applying the identity (14.161) to h = p n a l{\p n (-)\^M} an d W = 1 and taking into account 
that (Qgjl holds, yields 



E 



p n a (F n )l { | Pn(Fn) | af} detr„ =k d Y^ L^p E 



j=i 



p-i 



Pn Q (F n - y)l { | pn ( F „_ 2/ )| < M}A,nJ dy, 

(4.25) 



where Aj >n = A< jn (l) = Y? a =i 5 ((ComT n ) ita DF ain ). 

For any x G lR d and any function / : M. d — > M. + , the integral 



Vi 

\y\ c 



f(x - y)dy 



can be decomposed into the regions {y : \y\ ^ 1} and {y : \y\ > 1}. Then, using Holder's 
inequality, for any exponents (3 > d and 7 < d, there exist a constant Cp a such that 



sup 



^p/(z - y)dy 



<C 



/3, 7 Uli 11/3 



P-i 



We are going to apply this estimate to the function / = p n a l{|p„,(-)kM} and to the expo- 
nents (3 = > d and 7 = < d. In this way we obtain from (I4.25P 



E [pi? (F n ) 

n 

J>[K„|]c Qi/3 



1 {|Pn(Fn)KM} det T n 



p-1 

pa 



i=l 



P 



pli.x)l{\p n { x )\^M}dx 

^)M\ P n(x)\<M}dx ) + 1 



Pn{x)l{\ Pn ( x )\ <M }dx 



p-i 

pa 



(4.26) 
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From (I4.24p and ( I4.26P we deduce the existence of a constant K, independent of M and n, 
such that 



p£(*)i 



{\p n (x)\^M} 



dx^ K 



p-i 



(4.27) 



Since L d p p l (x)ln pn ( x M^M}dx is finite (it is less than M p 1 ), we deduce from (I4.27P that 
sup sup / (f n {x)l { \ Pn{x) \^ M} dx < oo, 

n M>0 jRd 

implying in turn that 

sup / p P l (x)dx < oo, 
3) Let n, m ^ 1. By applying Holder to 

|Pn(z) - Pm(x)| P C?X = / \p n (x) - p m {x)\ e \p n {x) - p m (x)\ P ~ e dx, 



we obtain, for any < e < 1, 

\pn(x) - p m {x)\ P dx ^ ( / \p n (x) - p m (x)\dx 



P — e 

\p n {x) - p m (x)\~dx 



1-e 



(4.28) 



We can choose e > small enough such that 
p — e 



P < 



< 1 



1-e " ' 2d 2 (q- 1) + d+ 1' 
Then, from Part 2) we deduce 

|Pn(^) — Pm{x)\ p dx —j- as n,m — )• oo. 

As a result, {p n } converges in L p (M d ), which is the desired conclusion. 

5 Some applications 



In this section we present some consequences of Theorems 14. II and 13. II The next result im- 
proves substantially Theorem 4 of Breton j3], and it represents a multidimensional version 
of a result by Davydov and Martynova [5]. 
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Corollary 5.1 Fix d ^ 2 and qi,...,qd ^ 1- Consider a sequence of d- dimensional ran- 
dom vectors {F n , n ^ 1} of the form F n = (F ljn , . . . , F d>n ), with F^ n = I qi (fi,n), i = l,-..,d, 
n ^ 1. Suppose that F n converges L 2 (Q) to Foo and the law of Foo is absolutely continuous 
with respect to the Lebesgue measure. Then, F n converges to F^ in total variation. 

Proof. By the isometry of multiple stochastic integrals, for any i — 1, . . . , d, the sequence 
fi,n £ ft® 91 converges as n tends to infinity to an element fi )OQ G $) &qi , and we can write 

-^oo — \Iq\ (/l,oo); • • • ? Iq d (fd,cc)) ■ 

From Theorem 13.11 we deduce i?[det r(F 00 )] > 0, where r(Foo) is the Malliavin matrix of 
Foo. Taking into account that all the norms || • || m p are equivalent in a fixed Wiener chaos, 
we deduce that for all 1 ^ i, j ^ d 



in L P (Q) as n tends to infinity, for all p ^ 2. Therefore, £"[det T(F n )] — > E[det r(F OG )], and 
for n large enough, E[det T(F n )} ^ |i?[det r(F OQ )] > 0. Then, we can conclude the proof 



In the case of a sequence of 2-dimensional vectors in the second chaos, it suffices to 
assume that the covariance of the limit is non singular. In fact, we have the following 
result. 

Corollary 5.2 Let (F n ,G n ) = (-^(/n), -^(flVi)) be a pair converging in law to (-FocGqo) as 
n tends to oo. Let be the covariance matrix of (F^, G^) and assume that det > 0. 
Then (F n , G n ) converges to (F^, G^) in total variation. 

Proof. Let T n (resp. C n ) be the Malliavin (resp. covariance) matrix of (F n ,G n ). Taking 
into account that all p-norms are equivalent in a fixed Wiener chaos, we deduce that that 
both {F n , n ^ 1} and {G n , n ^ 1} are uniformly bounded with respect to n in all the L P (Q). 
Thus, one has det C n — > det as n tends to oo. On the other hand, we have by (13. 8p that 
-E[detT n ] ^ 4detC n . By letting n tend to oo, we deduce that i?[detr n ] ^ | det > 
for n large enough. Theorem 14.11 allows us to conclude. ■ 

Another situation where we only need the limit to be non degenerate in order to obtain 
the convergence in total variation, is the case where the limit has pairwise independent 
components. 

Corollary 5.3 Fix d ^ 2 and qi,...,qd ^ 1. Consider a sequence of d- dimensional ran- 
dom vector of multiple stochastic integrals {F n , f ^ 1} of the form F n = (-Fi, n , • • • , F^n) = 
(Iqi(fi,n), Iq d {U,n))- Suppose that F n converges in law to F^ = (F 1)00 , . . . , F d)00 ). As- 
sume moreover that Vsn(Fj tQO ) > for any j = 1, . . . , d and that F liQO , . . . , Fj tQO are pairwise 
independent. Then F n converges to F^ in total variation. 




19 



Proof. The proof is divided into several steps. 

Step 1. We claim that there exists 7 > such that E[\\DFi tn \\ 2 . . . \\DF d ^\\ 2 } ^ 7 
for all n large enough. Indeed, let j = l,...,d. Since ^[HZ^i^^H 2 ] ^ Var(F J;n ) and 
Vai(Fj >n ) — > Var(Fj j00 ) as n — > 00, we have that .EUl-D-Fj^ll 2 ] ^ |Var(Fj j00 ) > for all n 
large enough. Using Carbery- Wright's inequality, we deduce that there exists c > such 
that, for all n large enough and all A > 0, 



P(\\DF n \\ 2 ^ X) ^ c\ 2 y- 2 . 
quence, for < o 
E[\\DF hn \\- a ...\\DF d , 



As a consequence, for < a < ,, . , — 7, we can write 



= jT PM|L>F lin || a ...|| J DF d>n || Q ^i^dx 
^ 1+ f°°\p (\\DF hn \\ a ^X]+--- + P ( \\DFd,nt ^ "4 ) 



< c 1 



ud(q\-l) _|_ . . . _|_ jr adild" 1 ) 



dx 



so that sup n>1 E[\\DFi j7l || Q . . . HDF^H Q ] < 00. Combined with 
E[\\DF hn \\ 2 ...\\DF d>n \\ 2 ] > E[\\DF 1)n \\ a ...\\DF din \\ a ]° 

> (E[\\DF ltn \\- a . . .\\DF d<n \\- a ]y° , 

this proves the claim. 

Step 2. We claim that E[detT(F n )} - ^[||L>F 1>n || 2 . . . \\DF d)n \\ 2 } ->■ as n -> 00. To 
prove the claim it suffices to show that, for any 1 ^ i ^ j ^ d, one has (DFi^ n , DFj. n )$j — > 
in all the L p (f2). By hypercontractivity, to prove this latter property it is enough to check 
that (DF i>n ,DF jin )sj ^ in L 2 (fi). Recall from p21 (3.20)] that 

ViN?i / \ / \ 
C0V(^, F 2 n ) = Pi \ Pj \ £ (^J ||A„ ® r 4n.f 

Pi A Pj / \ 2 / \ 2 



r=l 

Since Cov(F 2 n , F 2 n ) — > Cov(F 2 OC) , i^ 2 j00 ) = (recall that F itOQ and Fj >00 are assumed to be 
independent), we deduce that \\fi, n ®rfj,n\\ 2 — > for all r = 1, . . . , Pi A P j. But 

E[{DF i>m DF j>n )%\ =p 2 p) g(r-l)! 2 ^_ J (ft + ft - 2r)!||/, n ® r / Jin || 2 , 

and the claim is shown. 

S'tep 3. By combining Steps 1 and 2, we obtain the existence of 7 > such that 
E[detT(F n )] ^ 7 for all n large enough. Theorem 14.11 then gives the desired conclusion of 
Corollary 15.31 ■ 
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6 Two open questions 



Let d > 2. Denote by T the Malliavin matrix of a d-dimensional vector F = . . . , i^) 
whose components belong to ©fc =0 ^fc- We also denote by C the covariance matrix of 
F. In this section, we present few open questions which aim at clarifying the condition 
i?[detr] = 0. Previously, we have proven in Proposition 13.21 that, for d = 2, F\ = hifi) 
and F 2 = -^(Z^), the following inequality holds true: 

£[detr 2 ] ^ 4detC. 

An interesting immediate consequence is the following alternative: either (hifi), ^{fi)) is 
absolutely continuous with respect to the Lebesgue measure, or fi and f 2 are proportional. 
Such a fact legitimate the following two open questions. 

Question 6.1 Let q ^ 1 and Fi = I q (fi), 1 < i < d, where /i, . . . , /d 6 i^ 09 . Assume that 
E[det r] = 0. Is i£ irue £/ia£ {/i, . . . , /d} are linearly dependent? 

The Question 16.11 may reinforced in the following way: 

Question 6.2 Is there an universal constant c = c^ q such that, for any /i, • • • , /d G Sj &q , 

E[detT] ^ c detC ? 

Finally, in the more general case of a random vector F = (F\, . . . , Fd) where Fi G ®fc =0 Hk, 
a natural question is to find a lower bound for i?[det T] of the form inf^ E[\H(Fi, . . . , F^) |], 
where H runs over a suitable family of polynomials in d variables. 

Positive answers to the above questions would have important consequences on the re- 
sults about the limit in law and in total variation for sequences of vectors whose components 
belong to a finite sum of Wiener chaos. 

Acknowledgments. The first author would like to thank Jean-Christophe Breton for 
useful conversations. 
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